Abstract-We show that a sub-homogeneous positive monotone system with bounded heterogeneous time-varying delays is globally asymptotically stable if and only if the corresponding delay-free system is globally asymptotically stable. The proof is based on an extension of a delayindependent stability result for monotone systems under constant delays by Smith to systems with bounded heterogeneous time-varying delays. Under the additional assumption of positivity and sub-homogeneous vector fields, we establish the aforementioned delay insensitivity property and derive a novel test for global asymptotic stability. If the system has a unique equilibrium point in the positive orthant, we prove that our stability test is necessary and sufficient. Specialized to positive linear systems, our results extend and sharpen existing results from the literature.
I. INTRODUCTION
A plethora of real world physical systems involve variables that are positive by nature. Such variables can be the power levels in wireless transmitters, population levels, probabilities and concentrations of substances. A dynamical system is said to be positive if its states are non-negative for all time whenever the initial conditions are nonnegative [1] - [3] . Due to their wide variety of applications, positive systems have been a subject of much recent attention in engineering and mathematics (see e.g., [4] - [22] and references therein).
Models of physical systems are often derived under the assumption that the system evolution depends only on the current values of the state variables. However, in many cases, the system state is also affected by previous values of the states. For example, in distributed systems where exchange of information or materials is involved, delays are inevitable. For this reason, the study of stability and control of dynamical systems with delayed states is essential and of practical importance. In general, time delays limit the performance of closed-loop control systems and may even render an otherwise stable system unstable [23] . However, an astonishing property of positive linear systems is that they are insensitive to certain classes of time delays in the following sense: a positive linear system with delays is asymptotically stable if the corresponding delay-free system is asymptotically stable [24] - [30] .
While the asymptotic stability of positive linear systems in the presence of time delays has been thoroughly investigated, the theory for nonlinear positive systems is considerably less well-developed (see, e.g., [31] - [36] for some notable exceptions). The most relevant one is [35] in which it is shown that a class of nonlinear positive systems, called sub-homogeneous positive monotone systems, are insensitive to constant delays. In practice, however, delays are often time-varying. Hence, a natural question is if sub-homogeneous positive monotone systems are insensitive also to time-varying delays. It is reasonable to conjecture that these systems are insensitive to time-varying delays, at least as long as the delays are bounded. However, proving or disproving the conjecture is not trivial. The main reason for this is that the proof technique in [35] relies on a fundamental monotonicity property of trajectories of monotone systems with constant delays, which does not hold when the delays are time-varying. This paper shows that the conjecture is true. Transforming the stability problem with heterogeneous time-varying delays into one Department with constant delays, we demonstrate that a sub-homogeneous positive monotone system with arbitrary bounded heterogeneous timevarying delays is globally asymptotically stable if and only if the corresponding system without delay is globally asymptotically stable. Since sub-homogeneous positive monotone systems include homogeneous positive monotone systems as a special case, our work also extends the results of [31] - [33] . Sub-homogeneous positive monotone systems constitute an important and useful class of nonlinear positive systems, since established models of many physical phenomena fall within this class. For example, most power control algorithms in wireless networks can be analyzed as sub-homogeneous positive monotone systems [37] - [40] .
The rest of the paper is organized as follows. In Section II, we introduce the notation and review some preliminaries that are essential for the development of our results. Section III formulates the problem that we address in this paper. Section IV presents our main results on the delay-independent stability of monotone systems and the insensitivity of sub-homogeneous positive monotone systems to bounded heterogeneous time-varying delays. Illustrative examples are also included during the development of the results. Finally, conclusions and future directions are given in Section V.
II. NOTATION AND PRELIMINARIES

A. Notation
Vectors are written in bold lower case letters and matrices in capital letters. We let R and N denote the set of real numbers and natural numbers, respectively. The non-negative orthant of the n-dimensional real space R n is represented by R n + . The ith component of a vector x ∈ R n is denoted by xi, and the expressions x ≤ y and x < y indicate that xi ≤ yi and xi < yi for all components i, respectively. For a matrix A ∈ R n×n , aij denotes the entry in row i and column j. A matrix A ∈ R n×n is said to be non-negative if aij ≥ 0 for all i and j. 
B. Preliminaries
Next, we review the key definitions and results necessary for developing the main results of this paper. We start with the definition of cooperative vector fields. Cooperative vector fields satisfy the following property:
n be cooperative. For any two vectors x and y in W with xi = yi and x ≤ y, we have fi(x) ≤ fi(y).
The following definition introduces homogeneous and subhomogeneous vector fields.
and it is said to be sub-homogeneous of degree α > 0 if
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It is easy to verify that every homogeneous vector field is also subhomogeneous. However, the converse is not true; e.g., f (x) = x + 1 is sub-homogeneous but not homogeneous. Finally, we define orderpreserving vector fields.
Definition 3 A vector field g : W → R n is called order-preserving on W ⊆ R n if for any x, y ∈ W such that x ≤ y, it holds that g(x) ≤ g(y).
III. PROBLEM STATEMENT
Consider the following nonlinear dynamical system with heterogeneous time-varying delays
Here, i ∈ {1, . . . , n}, x(t) = (x1(t), . . . , xn(t)) ∈ R n is the state vector, f (x) = (f1(x), . . . , fn(x)) and g(x) = (g1(x), . . . , gn(x)) are continuously differentiable vector fields on the open and convex set W ⊆ R n , and ϕ(t) = (ϕ1(t), . . . , ϕn(t)) ∈ C [−τmax, 0], W is the vector-valued function specifying the initial condition of the system. For all i and j, the delays τ i j (t) are continuous with respect to time, and satisfy
Note that the maximum delay bound τmax may be unknown, that τ i j (t) are not necessarily continuously differentiable, and that no restriction on their derivative (such asτ i j (t) < 1) is imposed. Since ϕ(t) and τ i j (t) are continuous functions of time, the existence and uniqueness of solutions to (1) follow from [23, Theorem 2.3] . We denote the unique solution of (1) corresponding to the initial condition ϕ(t) by x(t, ϕ). The equilibria of (1) are constant functions ϕ(t) = x , t ∈ [−τmax, 0], where the vector x ∈ W satisfies
In general, (2) may have more than one solution x and, hence, system (1) may have multiple equilibrium points.
In this paper, we study the delay-independent stability of systems of the form (1) which are monotone:
Loosely speaking, the trajectories of monotone systems starting at ordered initial conditions preserve the same ordering during the time evolution. Monotonicity of (1) is readily verified using the next result.
Proposition 2 [1, Theorem 5.1.1] Suppose that f is cooperative on W and g is order-preserving on W. Then, system (1) is monotone in W.
System (1) is said to be positive if for any non-negative initial condition ϕ(t) ∈ C [−τmax, 0], R n + , the corresponding state trajectory will remain in the positive orthant, that is x(t, ϕ) ∈ R n + for all t ≥ 0. We provide a necessary and sufficient condition for positivity of monotone systems of the form (1).
Proposition 3 Suppose that f is cooperative on R n + and g is orderpreserving on R n + . Then, the monotone system (1) is positive if and only if
Proof: See Appendix B. While the existence of time delays may, in general, induce instability, positive monotone systems whose vector fields are subhomogeneous have been shown to be insensitive to constant delays. More precisely, when f is cooperative and sub-homogeneous on R n + and g is order-preserving and sub-homogeneous on R n + , system (1) with constant delays (τ i j (t) = τmax for all i and j and all t ≥ 0) is globally asymptotically stable for all τmax ≥ 0 if and only if the undelayed system (τmax = 0) is globally asymptotically stable [35] . By global asymptotic stability of a positive system, we mean that its equilibrium in R n + is asymptotically stable for all non-negative initial conditions.
It is clear that constant delays is an idealized assumption as time delays are often time-varying in practice. The main objective of this paper is therefore to determine whether sub-homogeneous positive monotone systems are also insensitive to bounded heterogeneous time-varying delays.
IV. MAIN RESULTS
Having established our notation and problem formulation, we will now present the main contributions of the paper.
A. Monotone Systems
The following theorem is our first key result, which establishes a sufficient condition for delay-independent stability of monotone systems, not necessarily positive, with bounded heterogeneous timevarying delays.
Theorem 1 For the time-delay dynamical system (1), suppose that f is cooperative on W and g is order-preserving on W. Suppose also that there exist two vectors w and v in W such that w ≤ v and
Then, if x ∈ W is the only equilibrium point of the monotone system (1) in [w, v], then for all bounded heterogeneous time-varying delays, x is asymptotically stable with respect to initial conditions satisfying
Proof: See Appendix C.
Example 1 Consider the time-delay system (1) with
Since f is cooperative on R n and g is order-preserving on R n , according to Proposition 2, system (6) is monotone on R n . Note that as
it follows from Proposition 3 that (6) is not positive. It is easy to see that this system has three equilibrium points: 
is asymptotically stable for initial conditions
, where w (3) = (−3, 1) and v (3) = (1, 5). For example, letting τ 2 1 (t) = 4 + sin(t), t ≥ 0, the simulation results shown in Figure 1 confirm that x (1) and x (3) are indeed locally asymptotically stable. Illustration of asymptotic stability of the monotone system (6) in Example 1 under bounded time-varying delays. The equilibrium point x (1) is asymptotically stable with respect to any initial conditions satisfying
B. Sub-homogeneous Positive Monotone Systems
Theorem 1 allows us to prove that global asymptotic stability of sub-homogeneous positive monotone systems of the form (1) is insensitive to bounded heterogeneous time-varying delays.
Theorem 2 Assume that f is cooperative on R n + and g is orderpreserving on R n + . Furthermore, assume that f and g are subhomogeneous of degree α > 0. Then, the following statements are equivalent.
(a) The sub-homogeneous positive monotone system (1) without delay (τ i j (t) = 0 for all i and j and all t ≥ 0) has a globally asymptotically stable equilibrium point at x ∈ R n + .
(b) The sub-homogeneous positive monotone system (1) with arbitrary bounded heterogeneous time-varying delays τ i j (t) has a globally asymptotically stable equilibrium point at x ∈ R n + .
Proof: See Appendix D. According to Theorem 2, the delay-free sub-homogeneous positive monotone systeṁ
is globally asymptotically stable if and only if the equilibrium point at x ∈ R n + is globally asymptotically stable when arbitrary bounded heterogeneous time-varying delays are introduced into (7). In other words, global asymptotic stability of (7) implies that of (1), and vice versa. This is a significant and surprising property of subhomogeneous positive monotone systems, since the existence of time delays may, in general, make a stable system unstable (and, in some special cases, render an unstable system stable).
Remark 1
The delay-independent stability of monotone systems with constant delays was investigated in [1] . Using this result, it has been shown in [32] 
(b) There exists a vector v > 0 such that v > x and
Proof: See Appendix E. Lemma 1 provides a test for the global asymptotic stability of positive monotone systems of the form (1) with bounded heterogeneous time-varying delays: if we can demonstrate the existence of a vector w ≥ x satisfying (8) or prove there is no positive vector v > x satisfying (9), then the equilibrium at x cannot be globally asymptotically stable.
Example 2 Consider the time-delay dynamical system described by (1) with
It is easy to verify that f is cooperative on R n + , g is order-preserving on R n + , and f (0, 0) + g(0, 0) = (0, 0). Thus, (10) is a positive monotone system with an equilibrium point at the origin. Since
it follows from Lemma 1 that for any bounded heterogeneous timevarying delays, the origin is not a globally asymptotically stable equilibrium of (10). For example, we take τ i j (t) = 2 + sin(t), i, j = 1, 2, t ≥ 0, and the simulation result is shown in Figure 2 , from which one can see that the trajectory of (10) starting from the initial condition ϕ(t) = (1, 1), ∀t ∈ [−3, 0], does not converge to the origin.
Remark 2 Previous works in the literature established necessary conditions for the global asymptotic stability of positive monotone systems without time delays [6] , [41] . Lemma 1, therefore, is an extension of these results to delayed positive monotone systems of the form (1).
The following example illustrates that the necessary conditions given in Lemma 1 are, in general, not sufficient.
Example 3 Consider the time-delay system (1) with
Let the time-delay be given by τ shows that the trajectory of (11) corresponding to the initial condition ϕ(t) = (2, 1), ∀t ∈ [−6, 0], does not converge to the origin, which means that the positive monotone system (11) is not globally asymptotically stable. Thus, the necessary conditions in Lemma 1 are not sufficient.
Next, we show that when a sub-homogeneous positive monotone system of the form (1) has a unique equilibrium point in R n + , the necessary conditions in Lemma 1 are also sufficient. Example 4 Consider the time-delay system (1) with
It is straightforward to verify that (12) is a sub-homogeneous positive monotone system. Moreover, this system has two equilibrium points, one is x (1) = (0, 0), and the other is x (2) = (−1, −1). Since the origin is the unique equilibrium in R n + , it follows from Corollary 1 that for all non-negative initial conditions and for any bounded heterogeneous time-varying delays, x (1) is globally asymptotically stable.
C. A Special Case: Positive Linear Systems
We now discuss the delay-independent stability of a special case of (1), namely positive linear system of the form
where A ∈ R n×n is Metzler and B ∈ R n×n is non-negative. In terms of (1), f (x) = Ax, g(x) = Bx, and τ i j (t) = τ (t) for all i and j. It is easy to verify that the positive linear system (13) is a sub-homogeneous positive monotone system with an equilibrium at the origin. Since A + B is Metzler, it follows from [7, Proposition 2] that the undelayed systeṁ
is globally asymptotically stable if and only if the following set of linear inequalities in v
is feasible. This shows that the existence of vector v satisfying (14) is a necessary and sufficient condition for the asymptotic stability of the positive linear system (13) with no delays. We have the following special case of Theorem 2.
Corollary 2 Consider the positive linear system (13) where A is Metzler and B is non-negative. Then, the following statements are equivalent.
(a) The linear programming problem (14) has a feasible solution v.
(b) The positive linear system (13) without delay is globally asymptotically stable. (c) The positive linear system (13) with any arbitrary bounded timevarying delay is globally asymptotically stable.
Remark 3
In [29] , it was shown that the positive linear system (13) is asymptotically stable for all bounded time-varying delays if and only if there exists a vector v satisfying (14) . This result does not allow to conclude stability of the undelayed positive system from the stability of the corresponding delayed system under some delays (not under all bounded delays). In contrast, Corollary 2 shows that asymptotic stability of (13) under any arbitrary bounded time-varying delay implies the asymptotic stability of the corresponding undelayed system. Therefore, Corollary 2 is stronger than the result in [29] .
V. CONCLUSIONS AND FUTURE DIRECTIONS
We extended delay-independent stability results for subhomogeneous positive monotone systems to allow for heterogeneous time-varying delays. Specifically, we proved that a subhomogeneous positive monotone system is globally asymptotically stable for any bounded heterogeneous time-varying delay if and only if the corresponding delay-free system is globally asymptotically stable. Homogeneous positive monotone systems and positive linear systems constitute special cases. Illustrative examples demonstrate the validity of our results. Extensions to more general classes of positive monotone systems, for which the sub-homogeneity assumption does not hold, is part of ongoing research.
APPENDIX
A. A Technical Lemma
The following lemma plays a key role in this paper.
Lemma 2 Consider the following time-delay dynamical system with constant delays, closely related to system (1):
Here, f is cooperative on W, g is order-preserving on W, and τmax equals the upper bound of the delays τ i j (t) in (1). 1) Assume that there exists a vector v ∈ W satisfying
and that the initial conditions for systems (1) and (15) are ϕv(t) = v and ψv(t) = v, t ∈ [−τmax, 0], respectively. Then, the solution x(t, ϕv) to (1) starting from ϕv(t) satisfies
where y(t, ψv) is the solution to (15) with the initial condition ψv(t). 2) Assume that there exists a vector w ∈ W satisfying
and that the initial conditions for systems (1) and (15) are ϕw(t) = w and ψw(t) = w, t ∈ [−τmax, 0], respectively. Then, it holds that
where x(t, ϕw) and y(t, ψw) are solutions to (1) and (15), respectively.
Proof: Part 1) Let v ∈ W be a vector satisfying (16) , and let y(t, ψv) be the solution to (15) with respect to the initial condition ψv(t) = v, t ∈ [−τmax, 0]. Consider the following system with heterogeneous time-varying delays
where k ∈ N. Let x (k) (t, ϕv) be the solution to (18) with the initial condition ϕv(t) = v, t ∈ [−τmax, 0]. Clearly,
We claim that x (k) (t, ϕv) ≤ y(t, ψv) for all t ≥ 0. If the result were false, we can assume that there exist an index m ∈ {1, . . . , n} and a time t1 ≥ 0 such that
and
Since f is cooperative, Proposition 1 and (19) imply that fm x (k) (t1, ϕv) ≤ fm y(t1, ψv) .
As t1 − τ m j (t1) ∈ [−τmax, t1] for all j ∈ {1, . . . , n} and
irrespectively of whether t1 − τ m j (t1) is non-negative or not. On the other hand, it follows from [1, Corollary 5.2.2] and (16) that y(t, ψv) is non-increasing for all t ≥ 0. Thus, for each j we have
where we have used the fact that τ m j (t1) ≤ τmax to get the inequality. Since g is order-preserving, it follows from (22) and (23) that
By (21) and (24), the upper-right Dini-derivative of x (k) m (t, ϕv) along the trajectories of (18) at t = t1 satisfies
which contradicts (20) . Therefore,
Since k was an arbitrary natural number, (25) holds for all k ∈ N. By letting k → ∞, x (k) (t, ϕv) converges to the solution x(t, ϕv) of (1) uniformly on [−τmax, ∞) [23, Theorem 2.2] . This shows that x(t, ϕv) ≤ y(t, ψv) for all t ≥ 0.
Part 2) Now, let w ∈ W be a vector satisfying (17) , and let y(t, ψw) be the solution to (15) starting from the initial condition ψw(t) = w, t ∈ [−τmax, 0]. According to [1, Corollary 5.2.2] , y(t, ψw) is non-decreasing for all t ≥ 0. The rest of the proof is similar to the one for Part 1) and thus omitted.
B. Proof of Proposition 3
Assume that f (0)+g(0) ≥ 0 and let ϕ0(t) be the initial condition satisfying ϕ0(t) = 0, t ∈ [−τmax, 0]. Since f is cooperative on R n + and g is order-preserving on R n + , it follows from Proposition 2 that system (1) is monotone. Thus, for any initial condition ϕ(t) satisfying ϕ0(t) ≤ ϕ(t), ∀t ∈ [−τmax, 0], it holds that
Let y(t, ψ0) be the solution to system (15) 
Since, according to Lemma 2, y(t, ψ0) ≤ x(t, ϕ0) for all t ≥ 0, it follows from (26) and (27) that 0 ≤ x(t, ϕ) for all t ≥ 0. Therefore, system (1) is positive. Conversely, assume that (1) is positive. Suppose, for contradiction, that there is an index m ∈ {1, . . . , n} such that fm(0) + gm(0) < 0. Then,
and hence there is some δ > 0 such that
Thus, x(t) / ∈ R n + for t ∈ (0, δ), which is a contradiction.
C. Proof of Theorem 1
Let w and v be vectors such that w ≤ v and that (4) holds. Define ϕw(t) = w and ϕv(t) = v, t ∈ [−τmax, 0]. Since f is cooperative and g is order-preserving, according to Proposition 2, system (1) is monotone. Thus, for any initial condition ϕ(t) satisfying (5), we have
Define ψw(t) = w and ψv(t) = v, t ∈ [−τmax, 0]. Let y(t, ψw) and y(t, ψv) be solutions to system (15) starting from ψw(t) and ψv(t), respectively. According to Lemma 2, y(t, ψw) ≤ x(t, ϕw) and x(t, ϕv) ≤ y(t, ψv) for all t ≥ 0, implying that
Moreover, according to [1, Corollary 5.2.2], y(t, ψw) is nondecreasing and y(t, ψv) is non-increasing for t ≥ 0, which together with the monotonicity of (15) imply that w ≤ y(t, ψw) ≤ y(t, ψv) ≤ v, ∀t ≥ 0.
Thus, both y(t, ψw) and y(t, ψv) are bounded and monotone. It now follows from [1, Theorem 1.2.1] that y(t, ψw) and y(t, ψv) converge to an equilibrium of (15) in [w, v] , which must be x , i.e.,
It follows from (28) and (29) that limt→∞ x(t, ϕ) = x . This completes the proof.
D. Proof of Theorem 2
We first prove that (a) implies (b).
(a) ⇒ (b) : Assume that the sub-homogeneous positive monotone system (1) without delay, given bẏ
has a globally asymptotically stable equilibrium at x ∈ R n + . Clearly, x is the only equilibrium in R n + . Since (30) is positive, according to Proposition 3, we have
Moreover, as f + g is cooperative on R n + , it follows from [41, Proposition 4.2] that there is v > 0 with v > x such that f (v) + g(v) < 0. This together with sub-homogeneity of f and g implies that for any real constant γ with γ ≥ 1,
It now follows from Theorem 1, (31) and (32) that x is asymptotically stable for any initial conditions satisfying
Let ϕ(t) ∈ C [−τmax, 0], R n + be an arbitrary non-negative initial condition. As v > 0 and ϕ(t) is continuous and, hence, bounded on [−τmax, 0], there exists γ ≥ 1 sufficiently large such that (33) holds. Therefore, system (1) with arbitrary bounded heterogeneous timevarying delays is globally asymptotically stable for all non-negative initial conditions.
We next show that (b) implies (a).
(b) ⇒ (a) : Assume that system (1) with arbitrary bounded heterogeneous time-varying delays τ i j (t) has a globally asymptotically stable equilibrium at x ∈ R n + . Since (1) is positive, it follows from Proposition 3 that (31) holds. Moreover, according to Lemma 1, there exists vector v > 0 such that v > x and that (9) holds. Let x(t, x0) be the solution of the undelayed system (30) corresponding to the initial condition x(0) = x0. The proof will broken up into three steps:
i) First, we show that the solutions x(t, 0) and x(t, v) of (30) starting from the initial conditions x(0) = 0 and x(0) = v, respectively, converge to x as t → ∞. ii) Second, we prove that for any non-negative initial condition x0 ∈ R n + , there exists a vector v > 0 such that v ≥ x0 and (9) holds for v. iii) Finally, we show that for any x0 ∈ R n + , the solution x(t, x0) of (30) converges to x as t → ∞.
Step i) Since f + g is cooperative, it follows from [1, Proposition 3.2.1] that x(t, 0) is non-decreasing and x(t, v) is non-increasing for all t ≥ 0, which implies that 0 ≤ x(t, 0) ≤ x(t, v) ≤ v, t ≥ 0.
Thus, x(t, 0) and x(t, v) are bounded and monotone. It now follows from [1, Theorem 1.2.1] that x(t, 0) and x(t, v) converge to an equilibrium of (30) in [0, v], which means that x(t, 0), x(t, v) →x , where f (x ) + g(x ) = 0.
We claim thatx = x . By contradiction, suppose this is not true. Then, it is easy to verify that x(t) =x = x , ∀t ∈ [−τmax, ∞), satisfies (1). This shows that for the non-negative initial condition ϕx (t) =x , t ∈ [−τmax, 0], the solution x(t, ϕx ) of (1) does not converge to x (x(t, ϕx ) =x = x for all t ≥ 0), contradicting the fact that x is the globally asymptotically stable equilibrium of (1). Therefore, x(t, 0) and x(t, v) converge to x as t → ∞.
Step ii) Let x0 ∈ R n + be an arbitrary initial condition and let v > 0 be a vector satisfying (9) . Then, we can choose γ ≥ 1 such that x0 ≤ γv. Define v = γv. As f and g are sub-homogeneous, we have
where the right-most inequality follows from (9).
Step iii) According to the previous step, for any initial condition x0 ∈ R n + , we can find a vector v > 0 such that v ≥ x0 and that (9) holds for v. As f + g is cooperative, system (30) is monotone [1, p. 34] , which implies that x(t, 0) ≤ x(t, x0) ≤ x(t, v), ∀t ≥ 0.
From
Step i), we have x(t, 0), x(t, v) → x as t → ∞, and hence x(t, x0) also converges to x . Hence, (30) is globally asymptotically stable for all non-negative initial conditions.
